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Abstract:

Conformal (Same form or shape) mapping is an important technique used in complex analysis and has many
applications in different physical situations. If thefunction is harmonic (ie it satisfies Laplace’s equation 72f =
0) then the transformation of such functions via conformal mapping is also harmonic . So equations pertaining
to any field that can be represented by a potential function (all conservative fields) can be solved via conformal
mapping .If the physical problem can be represented by complex functions but the geometric structure becomes
inconvenient then by an appropriate mapping it can be transferred to a problem with much more convenient
geometry. This article gives a brief introduction to conformal mappings and some of its applications in physical
problems.

I.INTRODUCTION

A conformal map is a function which preserves the angles. Conformal map preserves both angles and shape of infinitesimal
small figures but notnecessarily their size. More formally, a map

w =f(2) --(1)

iscalledconformal (orangle-preserving)atz0 if it preserves oriented angles between curves through z0, as well as their orientation,
i.e., direction.

An important family of examples of conformal maps comes from complex analysis. If U is an open subset of the
complex plane, then a function

fU— C

isconformal if and only if it is holomorphic and its derivative iseverywhere non-zeroon U. Iffisantiholomorphic (thatis, the
conjugate to a holomorphic function), itstill preserves angles, butitreversestheirorientation.The Riemann mapping theorem,
states that any non- empty open simply connected proper subset of C admitsabijective conformal map to the open unit disk
(the open unit disk around P (where P is a given point in the plane), is the set of points whose distance from P is less than
1)
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FIG. 1: Mapping of graph

in complex plane C i.e., if U is a simply connected open subset in complex plane C, which is not all of C, then there
exists a bijectivei.e., one-to-one mappingffromUto open unit disk D.

f: U — Dwhere
D={zeC:|z|<1}

As f is a bijective map it is conformal.

A map of the extended complex plane (Which is con- formally equivalent to a sphere)ontoltselfisconformalif
andonlyif it is a Mobius transformation i.e., a transformation leading to a rational function oftheformf(z)=az+b/cz+
d.Again, forthe conjugate, angles are preserved, but orientation isreversed.

II.BASIC THEORY
Let us consider a function
w=1(z) (2)

wherez =x +iyandw=u+iv Wefindthat
dz = dx + idy and dw = du +idv

|dZ |2 :dX2 +dy2 R (3)
and
| dW|2 = du? +dy2---------- (4)

Thenthesquareofthelengthelementin(x,y) plane is

and square of length element in (u,v) plane is

ds2 = du2 +dy2----------- (6)
Fromequations(3),(4),(5),(6)wefindthat,

dS/ds =| AWz [------------- @)

ie the ratio of arc lengths of two planes remains essentially constant in the neighborhood of each pointinzplane providedw(z) is
analytic and have a nonzero or finite slope atthat point. This implies the linear dimensions in twoplanesareproportional
andthenetresult of this transformation is to change the dimensions in equal proportions and rotate each infinitesimal area

in the neighborhood of th& t point Thus the angle (which is represented as the ratio of linear dimensions) is preserved
although shape in a large scale will notbe preservedingeneralasthevalueof|dw/dz|will vary considerably at different

2
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points in the plane. Due to this property such transformations are called conformal. This leadstothe following theorem.

Theorem : Assume that f (z) is analytic and not constant in a domain D of the complex z plane. For any point
z ¢ D for which f (z) = 0, this mapping is conformal, that is, it preserves the angle between two differentiable
arcs.

Example: Let D be the rectangular region inthe z plane bounded by x=0,y=0,x=2andy = 1. The image of D under the
transformationw =(1
+i)z+(1+2i)isgivenbytherectangular regionDofthewplaneboundedbyu+v=3, u-v=-1,u+v=7andu-v=-3.

Ifw=u+iv,whereu,v r,thenu=x-y+1,v

=x+Yy+2. Thusthe pointsa, b, c,and d are mapped to the points (0,3), (1,2), (3,4), and (2,5),respectively. Thelinex=0is
mappedtou

=-y+1,v=y+2 oru+v=3;similarlyfortheother sidesoftherectangle (fig2). Therectangle dis translatedby(1+2i),rotatedbyan
anglen/4in the counterclockwise direction, and dilated by a factor \/(2). Ingeneral, alinear transformation f(z) = az + B, translates
by B, rotates by arg(/c), anddilates(orcontracts) by|a|. Becausef(z)= o = 0, a linear transformation is always conformal.

FIG. 2: Mapping of a rectangle

111 . APPLICATIONS

A large number of problems arising in fluid mechanics, electrostatics, heat conduction, and many other physical situations
can be mathematically formulated intermsof Laplacesequation. ie,allthese physical problemsreduce to solving theequation

Oxx+Dyy=0 (8)

inacertainregion D of thez plane. Thefunction®(x, y),inadditiontosatisfyingthisequationalsosatisfies certainboundary
conditionsontheboundaryC ofthe regionD.Fromthetheoryofanalyticfunctionswe knowthattherealandtheimaginary
partsofan analytic function satisfy Laplace’s equation.It follows thatsolvingtheabove problemreducestofindinga function
thatisanalyticinDandthatsatisfiescertain boundary conditions on C. It turns out that the solutionofthisproblemcanbe
greatlysimplifiedifthe regionDiseithertheupperhalfofthezplaneorthe unit disk.

Example: Considertwoinfiniteparallel flatplates, separated by a distanced and maintained at zero potential. Alineofcharge
gperunitlengthislocated betweenthetwoplanesatadistance’a’fromthe lowerplate. Theproblemistofindtheelectrostatic
potentialinthe shaded regionofthezplane.

The conformal mapping w = exp(nz/d) maps the shadedstripofthezplaneontothe upperhalfofthew plane.Sothepointz
=1aismappedtothepointw0

=exp(1ma/d);thepointsonthelowerplate,z=x,and ontheupper plate,z=x+1d, map tothe realaxisw

=uforu>0andu <0, respectively.
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w — wWo
Qw) = —2log(w—wg)+ 2q log(w—1wp) = 2q log(———
w — wo

(9)

Letusconsideralineof chargeqatwOandalineof charge-gatw0. Considertheassociatedcomplex potential

a
l 4' A A, AL AL A, B
A D=0 B -1 0o 1

Z plane w plane

FIG. 3: Mapping of two infinite parallel conducting plate with a charge in between

CallingCq aclosedcontouraroundthe chargeq, weseethatGauss lawissatisfied,

/ E,ds =Im / Fdz = Im / —U(w) = 4mwq (10)
JC; JC, JC,

where C™q is the image of Cq in the w- plane. Then,callingQ=0+1¥,weseethat® iszero onthereal axisof
thewplane.

Consequently, wehavesatisfiedtheboundary condition®=0ontheplates,andhencethe electrostatic potential at any point of
the shaded region ofthe z plane is given by

w—e W

$ = 2qlog( —_—— (11)
W — €

where v = za/d

Conformal mappings are invaluable for solving problemsinengineeringand physicsthat can beexpressedintermsof

functionsofacomplex variable, but that exhibit inconvenient geometries. By choosing an appropriate mapping,

the analyst can transform the inconvenient geometry into a much more convenient one

Conformalmappinghasvariousapplicationsin the Field of medical physics .For example conformal mapping is applied
to brain surface mapping. Thisisbasedonthefactthatanygenus zero (The genus of a connected, orientable surfaceisan
integerrepresentingthemaximum number of cuttings along closed simple curves without rendering the resultant
manifold disconnected; a sphere,disk or annuls have genus zero) surface can be mapped conformally onto the sphereandanylocal
portionthereofontoadisk?2.

Conformal mapping can be used in scattering and Diffraction problems. For scattering and diffraction problem of plane
electromagnetic waves, the mathematical problem involves findingasolutiontoscalerwavefunction
whichsatisfiesbothboundaryconditionand radiation condition at infinity. Exact solutions are availableforsuchproblemsonly
forafewcases.
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V. CONCLUSION

There are different aspects of conformal mapping thatcanbeusedforpracticalapplicationsthough the Essence remainsthe same: it
preservesthe angle and shape locally and mappings of harmonic potentials remains harmonic.

( 1f2¢ = 2 V>
)=y2

These properties of conformal mapping make it advantageous in complex situations, specifically electromagnetic potential
problemsforgeneralsystems. Various conformal techniques such as genus zero conformal mapping is also used to complex
surface mapping problems. However, the conformal mapping approach is limited to problemsthatcanbe reduced totwo
dimensions andtoproblemswithhighdegreesof symmetry. It is often impossible to apply this technique when the symmetry is
broken.
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